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Abstract 

We consider a weighted form of the Poisson summation formula. We 
prove that under certain decay rate conditions on the weights, there exists 
a unique unitary Fourier-Poisson operator which satisfies this formula. 
We next find the diagonal form of this operator, and prove that under 
weaker conditions on the weights, a unique unitary operator still exists 
which satisfies a Poisson summation formula in operator form. We also 
generalize the interplay between the Fourier transform and derivative to 
those Fourier-Poisson operators. 



1 Introduction 

The classical summation formula of Poisson states that, for a well-behaved func- 
tion / : R — > C and its (suitably scaled) Fourier Transform / we have the 
relation 

00 oo 

E /(*)= E /» 

n— — oo 7i— — oo 

Fix x > 0, and replace f(t) with -f(t/x). The Poisson formula is linear and 
trivial for odd /, so we assume / is even. Also, assume f(0) — 0. Then 

oo 1 oo 

^2f(nx) = -J2f(n/x) (1) 

1 x i 

n— 1 n—1 

We discussed in [6] the extent to which this summation formula, which involves 
sums over lattices in R, determines the Fourier transform of a function. Taking a 
weighted form of the Poisson summation formula as our starting point, we define 
a generalized Fourier-Poisson transform, and show that under certain conditions 
it is a unitary operator on L 2 [0, oo). As a sidenote, we show a peculiar family of 
unitary operators on L 2 [0, oo) defined by series of the type f(x) t— > a n f(nx). 
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2 Some Notation, and a summary of results 



The Fourier transform maps odd functions to odd functions, rendering The 

Poisson summation formula trivial. Thus we only consider square-integrable 

even functions, or equivalently, all functions belong to L 2 [0, oo). 

Denote by S n , n > 1 the sequence given by (5(1) = 1 and S(n) = for n > 1, 

and the convolution of sequences as (a * b)k — J2mn=k a mb n - 

Define the (possibly unbounded) operator 

oo 

T{a n )f(x) = ^2 a n.f{nx) (2) 

71=1 

It holds that Tb n T an f = T ari ^ n f whenever the series in both sides are well de- 
fined and absolutely convergent. 

Let a n , b n , n > 1 be two sequences, which satisfy a * b = 5. 

This is equivalent to saying that L(s; a n )L(s; b n ) = 1 where L(s; c n ) — YlnLi mt' 

For a given a n with <Xi ^ 0, its convolutional inverse is uniquely defined via those 

formulas. 

Then, the formal inverse transform to T an is given simply by T{> n . 
Note that the convolutional inverse of the sequence a n = 1 is the Mobius func- 
tion /i(n), defined as 

, s_ / (-I)HpI" prime} ^ n square -free 
{n) ~ \ 0, d 2 \n 



/' 

Also, define the operator 



Sf(x) = -f ( - 



- a unitary involution on L 2 [0, oo), which is straightforward to check. 

In terms of S and T, the Poisson summation formula for the Fourier Trans- 
form can be written as following: 

T(e„)/>) = ST(e n )f 

where e n — 1 for all n. This suggests a formula for the Fourier transform: 

f(x) = T(n n )ST(e n )f(x) (3) 

with fi n — n(n) the Mobius function. We would like to mention that Davenport 
in [3] established certain identities, such as 

E° u(n) , . 
— {ra} = sin(27ra;) 
n 7r 

n—l 

which could be used to show that formula ([3]) actually produces the Fourier 
transform of a (zero-integral) step function. 
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We define the (possibly unbounded) Fourier-Poisson Transform associated with 
(a„) as 

F(a n )f(x) = T(o^)- 1 5T(a n )/( a: ) (4) 

This is clearly an involution, and produces the operator Sf(x) = ( j) for 
a-n = <5n, and (non- formally) the Fourier Transform for a n = 1. Note that both 
are unitary operators on L 2 [0, oo). In the following, we will see how this defini- 
tion can be carried out rigorously. First we give conditions on (a„) that produce 
a unitary operator satisfying a pointwise Poisson summation formula, as was 
the case with Fourier transform (Theorem 13.31) . Then we relax the conditions, 
which produces a unitary operator satisfying a weaker operator-form Poisson 
summation formula (Theorem I5.2[) . 

Remark. A similar approach appears in PQ,[2] and [5], where it is used to 
study the Fourier Transform and certain variants of it. 



3 The Fourier-Poisson operator is unitary 

We prove that under certain rate-of-growth assumptions on the coefficients a n 
and its convolution-inverse b n , it holds that J(a„) = T (a^T) -1 ST '(a n ) is unitary. 
In the following, f{x) = 0(g(x)) will be understood to mean at x — > oo unless 
otherwise indicated. 

Lemma 3.1. Assume 

£^<» (5) 

holds, and let f £ C(0, oo) satisfy f = 0(x~ 1 ~ e ) for some e > 0. Then T(a n )f 
as defined in {2|) is a continuous function satisfying T(a n )f{x) — 0(x ~ e ). 
Moreover, T(a n ) extends to a bounded operator on L 2 [0, oo), and \\T\\ < ^2 ~jr%- 

Proof. Consider a continuous function / = 0(.x _1_e ). It is straightforward to 
verify that T(a n )f is well-defined, continuous and T(a n )f(x) = 0(x~ 1 ~ e ). Now 
apply Cauchy-Schwartz: 

|(/(mx),/(nx))|<^||/|| 2 

implying 

IITM/II 2 <J2\*m\K\\(f(mx)J(nx))\ < ^1 W 



So T{a n ) can be extended as a bounded operator to all L 2 , and ||T|| < 

□ 
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Now, consider a sequence a n together with its convolution- inverse b n . In all 
the following, we assume that a n , b n both satisfty ([5]) (as an example, consider 
a n = n~ x and b n = n{n)nr x with A > 0.5). 

Then T(a n ), T(b n ) are both bounded linear operators, and we define the Fourier- 
Poisson operator 

■F(On) = T(b n )ST(a n ) 

Note that T(a„) _1 = T(b n ) (and likewise T(a^)~ 1 = T(b n )), which is easy to 
verify on the dense subset of continuous functions with compact support. 

Corollary 3.2. Assume that Y |an|^ e < oo for some e > and (b n ) satisfies 
0). Take a continuous f satisfying f(x) — 0(x~ 1 ~ e ) as x — > oo and f(x) = 
0(x e ) as x —J- for some e > 0. Then 

(a) F{a n )f is continuous and J r (a n )f(x) = 0(x^ 1 ^ e ). 

(b) The formula ^2li n ~J : {a n )f(nx) — (l/x)Y2 a nf( n / x ) holds pointwise. 

Proof, (a) It is easy to see that all the properties of the function are preserved 
by applying T{a n ) (using Y l a n|" e < oo) and then by S. Then by Lemma l3Tl 
application of T(b n ) to ST(a n ) completes the proof, 
(b) By Lemma |3. 11 we get an equality a.e. of two continuous functions: 

T{a^)F{a n )f = ST{a n )f □ 

Theorem 3.3. Assume that Y \o- n \n e < oo for some e > and (b n ) satisfies 
{5p. Then J-(a n ) is a unitary operator. 

Proof. Consider G = ST(b n )ST(a n ). Take a continuous function / which is 
compactly supported. Define g(x) = ST(a n )f(x) = i Yl a «/(f )j an d n °te that 
g vanishes for small values of x, and \g(x)\ = O |a„|n £ a; _1_£ ) . Then T(b n )g 
is given by the series @, and we obtain the absolutely convergent formula 

G/(x) =£—/(-*) 
^ — ' m m 

Take two such f\ , fi and compute 

(GfuGf 2 )= J2 "^^{hi-^hiU) 
f — ' ml m I 

the series are absolutely convergent when both a n and b„ satisfy ([5]). Now we 
sum over all co-prime (p, q), such that ^ = |j. So, ^ = |, i.e. nl = up and 
mk = uq for some integer u. Then 

(hi-x)J 2 (jx))= l -{f 1 ^x),f 2 (x)) 
m I k q 

{Gh,Gh)= £ (A(^),/a(*)>E E E ^f^ = 
q m fc 

(p.q)-l "' u mk—uq nl—up 
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= Y] -{h(-x),h(x))Y]- V a k b m V a n bi 
q q u z — ' ^-^ 

(p,q) — l u mk=uq nl=up 

and so the only non zero term corresponds to p = q = 1, u = l, m = n = k = 
I = 1, i.e. 

(Gf 1 ,Gf 2 ) = (f 1 J 2 ) 
Since JF(a n ) is invertible, we conclude that J(a n ) = SG is unitary. □ 



4 An example of a unitary operator defined by 
series 

Let a„ £ C be a sequence satisfying (J3J) - We denote by Co(0,oo) the space of 
compactly supported continuous functions. 

Let T(a n ) : Co(0, oo) — > Co(0,oo) be given by ©. We will describe conditions 
on a n that would imply (Tf,Tg)x,a = (/, g) L i for all f,g e Co(0, oo). Then we 
can conclude that T is an isometric operator on a dense subspace of L 2 [0, oo), 
and thus can be extended as an isometry of all L 2 [0, oo). 

A C-isometric (correspondingly, unitary) operator will mean an isometric (uni- 
tary) operator, scaled by a constant factor C. 

Proposition 4.1. (Tf,Tg) L 2 — C 2 (f,g) L 2 for all f.g G Cq(0, oo) if and only 
if for all co-prime pairs (mo, no) 

00 ( r*1 1 

k "10, m + n [b) 

k—1 

Proof. Take e > 0. Denote M = sup{x|/(a;) ^ V g(x) ^ 0}. Write 

/OO /"OO °° 

T f (x)T g(x)dx = / a m a~^f(mx)g(nx)dx 
' e m,n=l 

It is only necessary to consider m,n < M/e. Thus the sum is finite, and we 
may write 

/oo oo poo 

Tf(x)Tg(x)dx = a m ^T / f(mx)g{nx)dx 

m,n— 1 e 

Note that 



f(mx)g{nx)dx < ||/(ma;)||||ff(nx)|| = -=||/||||g|| 
o y/mn 

and therefore 

POO 

^ a m On / f(mx)g(nx)dx 

m,n=l ^° 
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is absolutely convergent: 

52 / f{mx)g(nx)dx < 52 7 — " ll/llllfll 

* — ' /n * — ' \/mn 

™ „-i ■■ 11 m,n=l v 



Therefore, the sum 



5(e) = 52 a ™«^" / f{mx)g(nx)dx 

„, „_1 Jo 



is absolutely convergent. We will show that 5(e) -4 as e -> 00. Assume 
l/l < A f , \g\ < A g . Then 



me / /*ne 

L.12 



|5(e)| < 52 a m a^ f }{mx)g{nx)dx < £ if^L/ f* |/|2 / / 

•to m ,„ v""* \ Jo y Jo 



And 



00 I I / „me \AA 00 00 1 1 / 77/i 00 



We conclude that 



^ />oo / 1 ^ 

(Tf,Tg)=Y<— f(x)9(-x)dx=(f(x), £ J- £ fE^tf**) 

m,n=l ,/u \ (m„,n )=l U k=l U 

Therefore, T(a n ) is a C-isometry on Cq(0, 00) if and only if (a„) satisfy ©. □ 
Example 1. Take a^ 2 - 1 = for n ^ 2 k and 



(2) _ 
a 2 k ~ 



1, k = 

(-l) fe+1 , fc>l 



Then 

T 2 /(z) - 52 a^f(nx) = f(x) + f{2x) - f(Ax) + f(8x) - f(16x) + ... 

n 

is a \/2-isometry. 

Example 2. Generelazing example 1 (and using the already defined <% ), 
we fix a natural number m, and take a*"™^ = (%r) k ^ 2 cffl and a£ m ^ = for 
n ^ m k . Then 

T m f{x) = Y,ot ] f{nx) 
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is again a v^-isometry. 



Example 3. Similiarly, we could take a n = for n 7^ 2 k and 

1, k = 
-1, k>l 

Then 

Tf(x) = f(x) - f(2x) - /(4c) - /(8a;) - /(16a;) - ... 
is a VS-isometry. 

Remarks 

• If a n and b n satisfy (0, then so does their convolution c n = (a * b) n = 

y^ M_ < y^ y^ kfcIN _ y^ kfcl y^ 1^1 

• Also, any two scaled isometries of the form T(a n ) commute: If a n and b n 
satisfy ©, T(a n ) and T(b n ) are isometries from Cb(0,oo) to itself, and thus so 
is their composition which is easily computed to be T(a n *b n ). 

Proposition 4.2. When (a n ) satisfies (0), T(a n ) is C-unitary. 

Proof. It is easy to verify that for any g € C[0, 00) and a n satisfying (|6|). 



T(a n y 9 ^Y,-9(-) 

< * 71 71 



Moreover, T(a n )* is a scaled isometry on {/ £ Co[0,oo) : supp(f) C [a,b],a > 
0} (proof identical to that of T(a n )), and so a scaled isometry on L 2 . Thus 
T*T = TT* = ||T|| 2 /, and so T(a n ) is C-unitary. □ 

Remark. We recall the operator Sf(x) = -f Q) - a unitary operartor of 
L 2 (0,oo). Then for a continuous function / with compact support which is 
bounded away from 0, we have Sf € Cq(0, 00) and so we can use to obtain 
ST(a^)Sf = T(a n )*f and therefore ST(a^)S = T(a n )* on all L 2 . In particular, 
for real sequences (a n ), ST m and T m S are unitary involutions (up to scaling) 
for any integer m. 



5 Diagonalizing the Fourier-Poisson operator 

We further generalize the Poisson summation formula: by removing some of the 
conditions on the sequence (a„), we are still able to construct a unitary operator 
satisfying the summation formula, but only in the weaker operator sense. This 
is done through a natural isometry between L 2 [0, 00) and L 2 (~ 00,00) which 
was suggested to us by Bo'az Klartag (see also [7]). 
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We will denote by dm the Lebesgue measure on R, and g will stand for the 
Fourier transform defined as g{oj) = g{y)e~ lvu> dy. 
First, define two isometries of spaces: 

(1) u : I? ([0, oo), dm(x)) -> L 2 (R, e»dm(i/)) given by /(x) ^ = /(e»). 

(2) u : L 2 (R, e v dm(y)) -> L 2 (R,dm) given by g(y) h> h{x) = (2n)-*g(x + i/2). 
u is isometric by a simple change of variables. 

To see that v is isometric, note that f(x + i/2) = e t / 2 f(t)(x), and so by 
Plancherel's formula 

J \f(x + i/2)\ 2 dx = 2n J \f{t)\ 2 e l dt 

(alternatively, one could decompose v into the composition of two isometries: 
f(y) i-> e y / 2 f{y), identifying L 2 (R,e y dm(y)) with L 2 (R,dm), and then Fourier 
transform). 

We will denote the composition v o u — w. 

For A : L 2 [0,oo) L 2 [0,oo), we write A = w^ 1 : L 2 (R) L 2 (R) - the 
conjugate operator to A. The conjugate to S is S(h)(x) = h(—x). 

Let a n satisfy ([5jl, implying \L(l/2 + ix;a n )\ is bounded and continuous. Then 
for g = u(f), 

(uT(a n )u~ 1 g)(y) = ^a n g(y + logn) =g* u(y) 

where = a n$- io g n(y) and i>(z) = J]a„e l2los ™ = J]a n n 42 = L(-iz;a„), 
which converges for Imz > 1/2 by ([5)l. And so letting h = vg, 

T{a n )h(x) = (2%)~^f*i?(x + i/2) = £(1/2 - ix; a n )h(x) 
thus we proved 

Corollary 5.1. Assume a n satisfies f5|). Then the following are equivalent: 

(a) \L(l/2 + ix;a n )\ = C 

(b) T(a n ) is C-unitary on £ 2 [0,oo) 

(c) (a n ) satisfies 

The equivalence of (a) and (c) can easily be established directly. 

For example, the v^-unitary Tf(x) = f(x) + f(2x) - f(4x) + f(8x) - ... dis- 
cussed previously is associated with L(s; a n ) = 2 ~^ 2 S which has absolute value 
of v/2 on Re(s) = 1/2. 

This suggests that the Fourier- Poisson transform associated with a n , which 
was defined in section 3 for some special sequences (a„), could be generalized 
as follows: J-"(a„)/ = T(a^)~ 1 ST(a n )f should be defined through 

^T~~~\h( \ ur -sL{l/2 + ix]a n ) L(l/2 + ix;a n ) 

T(a n )h(x) = h{-x)—— r —- = h(-x) : 7 

L{l2-ixa„) L(12 + ix;a n ) 
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we arrive at the following 

Theorem 5.2. Assume ^ |on|^ -1 ^ 2 < oo. Then 

(a) There exists a bounded operator J-{a n ) : L 2 [0, oo) — > L 2 [0, oo) satisfying 
the Poisson summation formula (in its operator form) T(a^)J 7 (a n ) = ST(a n ). 
Moreover, J-(a n ) is unitary. 

(b) If for some e > 0, ^2 \a n \n~ 1 / 2+e < oo, then a bounded J-{a n ) satisfying 
T{a^)J-(a n ) = ST{a n ) is unique. 

Proof, (a) We have L(l/2 + ix;a n )/L(l/2 + ix; a n ) = e 2l ( ar « £(V2+**;a n )) when _ 
ever L(l/2 + ix; a n ) ^ 0. In accordance with ([7]), define 

F{On)h{x) = e n^eL(i/2+tx-a n )) h ^_ x ^ 
taking argL(l/2 + ix; a n ) — whenever £(1/2 + ix; a n ) ~ 0. We then have 

L(l/2 — ix;a^) F (a n )h(x) = L(l/2 + ix; a n )h(—x) 

for all h e L 2 (R), implying T{a^)F{a n ) = ST(a n ) in L 2 [0,oo). Also, J(s„) is 
isometric and invertible, thus unitary. 

(b) For uniqueness, observe that L(s;a n ) is analytic in a neighborhood of 
Re(s) = 1/2, and so its set of zeros Z is discrete, and the ratio £(1/2 + 
ix; a n )/L(l/2 + ix; a n ) is continuous and of absolute value 1 outside of Z . Thus 
for continuous h with supp(h) (1^ = 8, the equation 

L(l/2 - ix;a^)F(a n )h(x) = L(l/2 + ix)h(-x) 

determines F(a n )h uniquely, and all such h are dense in £ 2 (IR). □ 

By part (b) we conclude that under the conditions of Theorem l3.3l the operator 
J-(a n ) defined in section 3 coincides with the operator defined here. 

Remark. It was pointed out to us by Fedor Nazarov that under the condi- 
tions of Theorem 15. 21 the Poisson summation formula cannot hold pointwise for 
all sequences (a n ). 

6 A formula involving differentiation 

Denote by B : L 2 [0, oo) — > L 2 [0, oo) the unbounded operator 

Bf(x) = i(xf + f/2) 

with Dom(B) = {/ € C°° : xf + f/2 € L 2 }. It is straightforward to check that 
B is a symmetric operator. 

It is easy to verify that the ordinary Fourier transform T satisfies, for a well 
behaved (i.e. Schwartz) function /, the identity BT f + TBf = 0. It turns out 
to be also a consequence of Poisson's formula, and so holds for a large family of 
operators. We will need the following standard lemma (see [8]) 
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Lemma 6.1. Take a function g <G L 2 (R). The following are equivalent: 

(a) ge C°°(R) and 

sup supe y *|g( fc )(t)| < oo 

\y\<b t 

for all b < B and k > 0. 

(b) h = g is a Schwartz function, which has an analytic extension to the strip 
\y\ < B such that 

sup sup |a;| fe |ft-(a; + iy)\ < oo 

\y\<b x 

for all b < B and k > 0. 

Proof. (a)=>(b). Observe that g(x + iy) = e yt g(t)(x). Thus the existence of 
analytic extension is clear, and we can write 

\x\ k \h(x + iy)\ = \x\ k \^gTt){x)\ = \(ev^t)) {k) (x)\ 
Note that ^ 

(e«g(t)) W =e«jr,P i , k (y)gW(t) 

1=0 

where Pj^k denotes some universal polynomial of degree < k. Therefore 

k 



-( 



3=0 



dy 



The sum is finite, so we can bound every term separately. Choose b < Y < B, 
e = Y-b. Then 



/OO POO 
\e yt g U) (t)\ < C(j,Y) / e~ eltl dt < 
-oo J —oo 



OO 



(b)=>(a). Note that g is a Schwartz function since h is. It sufficies to show 
(by induction) that supremums of \{e yt g)^ \ are finite for every k and b < B. 

Notice that g^ k \x) = (ix) k g(x) has an analytic extension to the strip \y\ < B 
(namely: (iz) k h(z)) 7 satisfying the same conditions as h itself. Now take a C°° 
compactly supported function <p on R. We will show that 

/oo poo 
e yt g(t)(j){t)dt= I h(x + iy)4>{x)dx (8) 
-oo J —oo 

implying 

e yt g(t)(x) = h(x + iy) 

and therefore for any k 

e y t gi k ){t){x) = i k (x + iy) k h(x + iy) 
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which is equivalent to having 

(ev t g(t)) ik \x)=i k x k h(x + iy) 

Indeed, ip = <f> is an analytic function satisfying the supremum condition by the 
" ( a ) (6)" implication. Then 



e vt g(t)4>(t) = I gevt&fydt = / h(x)ip(x + iy)dt 



Observe that X(z) — h(z)ip(iy + z) is an analytic function, and the integrals 
over the intervals Re(z) = ±i?, —b < Im(z) < b of X(z) converge to as 
R — y oo by the uniform bounds on h and tp. Considering the line integral of A 
over a rectangle with these vertical sides and horizontal lines at Im{z) = and 
Im(z) = y, we get 



h(x)ip(iy + x) = / h(x + iy)ip(x) 

3 J —OO 

which proves ((8]). Finally, 

/oo 
\x\ k h(x + iy)dx 
-oo 

which is finite by the assumptions. □ 

Let Sq be the following class of "Schwartz" functions in L 2 [0,oo) 

S = {/ £ C°° : sup|xn/ (fe) (2;)| < oo Vfc > ,Vn £ Z} 

Note that neZ can be negative. Observe that So C Dom(B). 

Proposition 6.2. Assume (a n ) satisfies ^ |a„|n £ < oo for some e > 0, and 
the convolution inverse (b n ) satisfies \b n \/\/n < oo. Next, assume that 



£(1/2 + iz\ a n )/L(l/2 + iz; a„) 

(which is meromorphic by assumption in the strip \y\ < 1/2 + e) satisfies the 
following polynomial growth condition: there exist constants N and C such that 



L(l/2-y + ix;a n ) 



< Co + C^x 



N 



£(1/2 + y + ix; a n ) 

for all x,y eM., |y|<l/2 + e/2. Let f £ S Q - Then F(a n )Bf + BF(a n )f = 0. 

Proof. Denote g = F(a n )f. Denote F(t) = e t / 2 /(e*) and G{t) = e t / 2 g{e t ), h f = 
F and h g = G. The condition f £ So implies immediately that F £ C°° and 
su PteR e^|F( fc )(i)| < oo for all y G R, since F^(t) = P k {e 1 / 2 , fie*), /W (e*)) 
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for some fixed polynomial Pk- By Lemma (|6.1I) . hf is a Schwartz function (on 
the real line), with an analytic extension to the strip \y\ < 1 such that 



supsup|a;| \hf(x + iy)\ < oo 

\y\<l x 



for all k > 0. Next, 



L(l/2 + y + ix; a n ) 

is an analytic function in the strip \y\ < 1/2 + e. By the assumed bound on the 
L-function ratio, it is again a Schwartz function when restricted to the real line; 
and 

sup sup |a;| fc |/i ff (a; + iy)\ < oo 

\y\<b x 

for all b < 1/2 + e/2. Denote 6 = e/4. Again by Lemma ([63]), G E G°° 
and satisfies e (V2+*)l*l < C <^=> |G(i)| < Ce~ ^ 1 / 2+<5 >l *l and likewise 
\G'(t)\ < Ce-( 1 /2+*)« f or some constant G. Then, as t -> -oo, 

^(e 4 )! = e-*/ 2 |G(t)| < Ce-^e^/a+fl* = 0(e" w ) 

and as i — > +oo, 

| 5 (e*)| = e- 4 / 2 |G(<)| < Ge^e"^^' - 0( e -< 1+ ^) 

Also, as £ — » +oo, 



l<?V)l 



G'(t) - i<?(i) 



e~ 3t / 2 = 0( e -( 2 + 5 )') 



Thus gr € G°°(0, oo) and g = 0(x s ) as x -> 0, g = O^ -1-5 ) as x ->• oo while 
</ = 0(a; _2_ ' 5 ) as a; — > oo. By Corollary 13.21 (b) we can write ^~a^g{nx) = 
(l/x)^2a n f(n/x), and then the functions on both sides are G , and can be 
differentiated term-by-term. Carrying the differentiation out, we get 

^a^(nx)5'(nx) = -(l/x)^a n f(n/x) - (l/x 2 ) ^ a n (n/x)f'(n/x) 
Invoke Lemma 13.11 to write 

T(a^)(xg') = -T(a^)g - ST(a n ){xf) 
and then use Corollary 13.21 applied to xf to conclude 

T(a^)(xg') = -T(a^)g - T(a^)F{a n )(xf') 
Finally, apply T(b n ) to obtain the announced result. □ 
Remark. As an example of such a sequence, take a n — n x , X < — 1. 
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